We study an integro-di erential equation modeling angular alignment of interacting bundles of cells or laments. A bifurcation analysis of the related stationary problem was done by Geigant and Stoll in J. Math. Biol. 46 (2003)
Introduction
In this paper we analyze how a population of small, sti cells or laments with de ned orientations will align, either by being attracted towards each other or being repelled. Here repulsion can be interpreted as attraction to the back of an elongated lament or, like in myxobacteria, to the back of another bacterium. A major question in this context is if bundles of the same orientation are formed, how many there are, and how they are organized relative to each other. Our ansatz is closely related to papers by 1 We assume a two-dimensional geometry. To describe the orientational aggregation of the bundles of cells or laments we consider an integro-di erential equation for the evolution of an integrable function f on the unit circle (R=Z) with arc length normalized to 1 one. We will chose a representation which is I = 1 2 ; 1 2 ]. In many of the following arguments it is convenient though to think in geometrical terms, namely u 2 I = 1 2 ; 1 2 ) ! (cos(2 u); sin(2 u)) 2 S 1 . . We will use this notation freely in the gures, unless confusion is to be expected. Now f = f(u; t) denotes the mean density distribution over the orientation u 2 I. The temporal evolution of f is given by @ t f(u; t) = Z I T f](u; v)f(u; t)dv + Z I T f](v; u)f(v; t)dv: (1) The rst term on the right hand side describes the bundles of cells or laments which reorient away from u, and the second term the bundles orienting themselves into direction u. The stationary version of equation (1) was analyzed in detail in 3] and 6].
For notational convenience in the following we sometimes omit the explicit t-dependencies.
The turning rate T in ( 
Here G : ( 1; 1) ! R + ;
0 is an even, bounded probability density, thus R I G = 1,
i.e. the standard periodic Gaussian: G (u) = (4 ) 1=2 P m2Z exp( (u + 2m) 2 =(4 )).
So the process of turning is considered to be probabilistic. The smaller is, the narrower is G , which means that reorientation happens with higher accuracy. The extreme case is the Dirac mass G 0 (x) = 0 , which describes deterministic turning.
The measurable function M w : I!I, is called the optimal reorientation, indicating reorientation of bundles of cells or laments due to their interaction with w. More precisely, if the system is invariant under rotations, we assume M w (v) = v + V (w v); where V : 1; 1]!R is referred to as the orientational angle, compare g. 1. A more detailed descriptions of M w and V will be given in Section 2. The interaction rate h : I!R + is positive and bounded.
In this paper, we analyze the behavior of solutions for the Dirac mass, 0 only. In this case (1) is referred to as the \limiting" equation. We expect less singular alignment patterns of solutions to (1) for G , in case > 0, su ciently small. This is because for any given T > 0 uniform convergence in 0; T] for the solutions corresponding to G and 0 , respectively, was established in 5] for ! 0.
Our main result states the development of peaks as long time dynamics, i.e. alignment of bundles of cells or laments. This can be proved for suitable classes of initial distributions combined with various types of optimal orientation and di erent ranges of interaction, both attractive and repulsive (see Theorems 4.5, 4.8, 5.3, and 5.6). Our main tool is to analyze the dynamics of suitable functionals of the cell density, which describe its behavior in a subset of all possible directions. With this we can also specify the direction(s) in which the bundles nally align. The paper is organized as follows: Section 2 introduces the class of optimal reorientations M w ( ) and orientational angles V ( ), we are interested in. In Section 3 global existence of a unique solution of equation (1) is proved. Section 4 is dealing with the analysis of the limiting equation. We show that uni-directional, bi-directional, or multi-directional alignment develops for a set of prescribed initial distributions which are suitably separated, in case the optimal orientation for a certain interaction range is attractive. In Section 5 we consider the situation that bundles of cells or laments repel each other unless they are close. First it is shown that for non-separated, continuously varying and symmetric initial distributions the solution will eventually develop two symmetric peaks. Then we consider non-symmetric initial data. We prove that if bundles of cells or laments are attractive and repulsive they do nally align in two exactly opposite directions. Our main result is the local stability of Dirac masses.
Optimal reorientation and the orientational angle
In this section, we introduce various types of optimal reorientations M w (v) and orientation angles V ( ), which may cause uni-, bi-, and multi-directional aggregation of bundles of cells or laments, depending on their initial distribution. First we give conditions for the interaction rate h, though it does not play a crucial role for our further analysis. Assumption 2.1 Let k 1 be a positive integer.
The interaction rate h : R!R is a bounded, positive, and 1-periodic function. In the interval 1=2; 1=2], h is symmetric and radially decreasing with respect to 0. There exists 0 < < 1 such that h(0) h(x) h(0) in 1=2; 1=2).
Next we recall some reasonable assumptions for the optimal reorientation (compare e.g. 6]): 
We will see more concrete examples for V later. 
(b) Bi-and Multi-directional alignment (k-directional alignment: attraction): Depending on the initial distribution, two or multiple peaks of aligned cells may develop. In terms of the orientational angle V , this is achieved for short ranged attraction. E.g., for the bi-directional case, we suppose that V > 0 in (0; ) where 0 < < 1=4 and V = 0 in ; 1=2].
Generally speaking, the shorter the range of optimal turning is, the more likely is the development of many peaks. For simplicity, x = 1=(2k), k 2 N. The k-directional orientational angle is then given by V ( ) > 0 in 0; 1 2k ; V ( ) = 0 in 1 2k ; 1 2 :
(c) Bi-directional alignment (attraction and repulsion), see gure 2 (ii) Here we consider the following situation: if the angle between the laments is close, then they attract each other, if the angle between the laments is large, then they are repulsive, respectively attracted to the ends of the interacting partners. Let 0 2 (0; 1=2) then the orientational angle is given as
In the following C will denote a constant which may vary from line to line.
Global Existence
In this section we show that for bounded interaction rate h the unique solution of (1)- (2) is globally bounded in time.
Lemma 3.1 Let 0 < T < 1. Suppose that the interaction rate h( ) is nonnegative and bounded, i.e. h 2 L 1 (I). Let f 0 2 L 1 (I) and R I f 0 (u)du = m. Then there exists a unique solution f of (1)-(2) such that f( ; t) 2 L 1 (I 0; T)) and R I f(u; t)du = m for all t 2 0; T). Furthermore, if f 0 , h, and M v (w) are smooth, then this is true also for f in I 0; T). Proof. Due to equation (1) we observe a priori that mass is preserved.
Let (h f)(u; t) = R I h(u v)f(v; t)dv denote the convolution operator. Then (1) can be rewritten as @ t f(u; t) = (h f)(u; t)f(u; t) + R(f)(u; t), where
With the assumptions of Lemma 3.1 we can estimate 
Peak Solutions for the Limiting Equation
To introduce the main ideas and techniques we rst start with a simple setting and study the behavior of solutions for the limiting equation, which means equations (8) respectively (1) corresponding to the Dirac mass 0 . We start with assumptions on the classes of initial distributions, which cause uni-, bi-, and multi-directional bundles for large times. can take A i = 1=2 + (2i 1)=2k; 1=2 + i=k where i = 1; 2; ; k.
In the following subsections, we derive di erent types of alignment with respect to the optimal reorientations relevant for assumed initial conditions, in case the deviation of the Gaussian is su ciently small.
Uni-Directional Alignment
Here we take k = 1 in Assumption 4.1, namely supp f 0 = A 1 
The interaction rate h is as given in Assumption 2.1. For simplicity suppose h = 1. Thus we can rewrite (8) as follows:
In the next lemma, we show that the rst momentum of f is preserved, provided that the orientational angle M w (v) is of uni-directional type, compare (5). (10), by uniqueness we conclude that g is identical to the solution f of (10). Therefore, supp f(u; t) supp f(u; 0). It remains to prove that the rst moment is preserved. Using (9) 
The argument for R A 2 f(u; t)du is the same, and the rst part of the proof is completed. 
The last term equals zero, because V is odd and h is even with respect to 0. This completes the proof.
Since the rst moments are preserved on each of the sets A j ; j = 1; :::; k, we de ne the So far we could decouple the system into separate subsystems. The rst moment of each of these was locally preserved, due to the fact that each of them had compact support. In the following we consider more general cases.
Attractive and Repulsive Optimal Orientation

The symmetric case
Here we consider the case of symmetric initial distributions and the situation that the main part of the mass is almost concentrated at two opposite positions. The support is supposed to be connected. Details will be given later. We intentionally discuss this simpli ed situation rst, as a particular case of the more relevant non-symmetric case, since some of the basic technical details can be conveyed much easier. We start with conditions for the orientational angle. Proof. We rst note that f is symmetric with respect to 0 and to 1=4, thus f is also 1=2-periodic for all times t. This can be proved by uniqueness, namely letf(u) := f( u).
Thenf is a solution of (8) with the same initial data as f, and therefore, due to the uniqueness of solution, we have f =f. Thus f is symmetric with respect to 0. Here we used that V is 1=2-periodic. Similarly symmetry of f with respect to 1 4 can be checked.
Next we set~ := 1 + , with 1 ; such that~ < 1 4 where is given in Assumption 5.2 and we de ne 
S(t):
Here we used 1 1 2 (u 1=4) 2 for u 2 A 1 nI + . This completes the rst inequality of (18).
The second inequality is an immediate consequence of this.
Estimate for F 2 (t): Here we will use (18). 
The non-symmetric case
In this section we consider non-symmetric initial distributions with non-separated support. Most of the initial mass will be concentrated close to opposite positions, say 1=4 and 1=4. We discuss the e ect of an attracting and repulsive optimal reorientation. Thus the orientational angle satis es (7) where is given as in (26).
Remarks:
Assumption 5.4 ensures the main properties we need for the interactions between particles to prove our theorem.
The particles in region A 1 cannot jump to region A , the width of the region A 1 (or A r 1 ) is at least 1 3 , whereas the required jumps have to be at least of order Later we will use a continuity argument. First we show a lemma that will be used several times in the following arguments. A. For the rst terms we have assumed (35).
Estimate of K 2 (t):
The assumptions on the potential V imply jV (w v)j = jV (v w)j Cjw v + 1=2j C(jw 2 (t)j + jv 1 (t)j + j 2 (t) 1 (t) + 1=2j Finally, due to several cancelations, we obtain d dt (S 1 (t) + S 2 (t)) 2b(1 a)(m 1 (t)S 1 (t) + m 2 (t)S 2 (t)) + " 0 (S 1 (t) + S 2 (t)) +C " 0 j 2 (t) 1 (t) + 1=2j dw (v + V (w v)) f(v; t)f(w; t):
Here we dropped 1 , 2 , since they are both equal to one in the regions of integration.
K a 1 (t) K a 2 (t) = (m 1 (t) + m 2 (t))( 1 (t) 2 Here we have used that R A 1 G(u; t)du = R I + G(u; t)du + O(S 1 (t) + S 2 (t)) for G(u; t) = uf(u; t) and G(u; t) = f(u; t). The errors in the quadratic terms were estimated by expansions like (w v + 1
